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Fig. 2 Angular momentum history due to wheel pivoting during one
nutation damping cycle.
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Fig. 3 Roll angle vs time.

path, A4, centered on a. The motion along 4 will be counter-
clockwise if the spacecraft is dynamically stable. At point p,
where the roll rate crosses from negative to positive, the
PANDA pivots the momentum wheel about + Y. This causes
the equilibrium point to move from a to b, and the momen-
tum vector will now follow the circular trajectory B, which is
centered at b. Half a nutation period later, when the momen-
tum vector reaches point ¢, ths momentum wheel pivots back
to its original position. The momentum vector again circulates
around point g, but the new circular trajectory, C, has a
smaller radius than the original trajectory, 4.

If the time required to pivot the wheel through its com-
manded angle is a small fraction of the nutation period, then
the nutation reduction during one damping cycle is approxi-
mately twice the angle between the momentum vector orienta-
tions represented by points @ and b in Fig. 2. Denoting this
angle by ¢, it can be shown that (for small angles)

¢ =6hflh+ (U, — LJo]
where 0 is the wheel pivot angle, # the wheel’s angular
momentum, I, the pitch moment of inertia, I, the yaw mo-
ment of inertia, and w the spacecraft’s pitch rate. During one
damping cycle, the nutation angle is reduced by 2¢. If all of
the angular momentum is in the wheel (i.e., if @ =0), then
¢ =6, and the nutation angle is reduced by twice the pivot
angle.
Performance

Figures 3 and 4 show typical flight performance data. Here,
the PANDA input is a pseudo roll rate derived from the
integrated roll gyro output. Figure 3 shows the integrated
gyro output (roll angle) vs time. The initial nutation angle is
approximately 0.3 deg. Because Fig. 3 plots roll angle, not roll
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Fig. 4 Pivot offset vs time.

rate, the peak roll rates occur near the zero crossings, and the
roll rate is zero at the plotted peaks.

Figure 4 shows the pivot offset (in steps) vs time. On this
spacecraft, the stepper motor pivots the wheel 0.00454 deg/
step, with the steps occurring at 7.81 Hz. Because some
nutation remained after the first damping cycle, a second cycle
was required. The second damping cycle reduced the nutation
below the 0.01 deg threshold.

The PANDA control logic was nominally designed to damp
initial nutation of up to 1deg or less within one nutation
cycle. The flight data show, however, that two cycles were
required. The second cycle was required because the PANDA
was activated just after the peak roll rate, and, hence, the
maximum roll rate detected by the PANDA logic was less
than the actual sinusoidal amplitude. The control law com-
manded a wheel pivot angle proportional to this smaller rate,
and only part of the nutation was damped in the first cycle.
Had the PANDA been activated a minute earlier, the nutation
would have been suppressed completely in the first cycle.
Nevertheless, this performance confirms preflight simulations,
which showed that no more than two damping cycles are
required to suppress nutation that is initially 1deg or less.
These simulations also showed that if the initial nutation
exceeds 1 deg the PANDA will remove approximately 1 deg/
nutation cycle.
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E = electric field vector

H,h = magnetic field vector and perturbation vector of
magnetic field, respectively

H, = constant magnetic field or characteristic magnetic
field

J = electric current density

K = thermal conductivity of plasma

L,f = characteristic length, length in the x direction (for
the flow)

P,p’ = pressure and perturbation in pressure, respectively

R = gas constant '

T,T’ = temperature and perturbation in temperature,
respectively

U = velocity

u,v,w = velocity vector components in the x, ¥, and z
directions

Xx,y,Z = spatial coordinates

X; = spatial coordinates for j =1,2,3

TR = viscosity and kinematic viscosity, respectively

Ue = magnetic permeability

p,0’ = plasma density and perturbation in density,
respectively

Pe = excess electric charge/volume

o = electrical conductivity

vy = 1/opu,

Notation

T,,T, = time-dependent part of variable in subscript
X,,,X,, = x-dependent part of variable in subscript

Introduction

YNAMICS of systems and processes that involve multi-
energy modes and interactions among fluid, thermal, and
electromagnetic fields generally can be expressed by partial
differential equations. Such systems are called distributed
parameter systems (DPS) by the fact that state variables are
functions of both space and time. Electric propulsion systems
such as magnetoplasmadynamic (MPD) engines are examples
of such systems. In this paper, a Lyapunov method for stabil-
ity analysis of such distributed parameter systems is presented.
The first attempts to apply Lyapunov’s direct method for
DPS were made by Massera! and Zubov.? An abstract theory
for Lyapunov stability of an infinite-dimensional system was
studied by Buis et al.> A DPS can be defined by the following

equation:
oZ A

where Z(#,X) is an n-dimensional state vector, X a spatial
coordinate, U the state input, and ¢ denotes time. A Lyapunov
functional V:®"—® is defined such that it satisfies the
following:

D V=0, V(Z)>0 forZ #0and Ze R”

2) Vec(®R")

3) V={(gradVf) =<0
The following Lyapunov theorems are given.

Theorem I: If in a neighborhood of the state origin there
exists such a Lyapunov functional for system (1), satisfying
1-3, then the origin is a stable state for the system.

Theorem 2: If in a neighborhood of the origin there exists
a Lyapunov functional V for system (1), satisfying 1-3, also
V —0 as t — oo, then the origin is an asymptotically stable state
for the system.

System Model
The governing equations for an MPD system consists of
Maxwell’s equations, Ohm’s law, conservation of electric
charge, equation of state (ideal gas law), and a set of mass,
momentumn, and energy equations.* Assume that the plasma is
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originally at rest with pressure Py, temperature Ty, density po,
and no electric field, but an external uniform magnetic field H,
is applied to the system.

If the plasma is perturbed by a small disturbance, then the
state of the system is a combination of equilibrium and pertur-
bation states, hence the instantaneous pressure, temperature,
density, electric and magnetic fields, and current density can
be written as

P=Py+ P'(x1)

T=To+ T (1)

o =po+ p (x1)

E=iE, (1) +]j E,(x1) +k E(x1)
H=i[H,+hMxt)]+Jj [Hy + hy (1)) + k Ay (1)
I=iJ,(6t)+j 1,00 + Kk J,(x1)

In case of a neutral plasma, i.e., p, = 0, the number of ions
and electrons per volume of plasma are nearly equal. By per-
turbation, one can derive a set of lincarized governing dynamic
equations of perturbed state.* If one considers the fact that
dh,/dx = 0 and 0h,/dt = 0, then it is possible to distinguish
between two modes of wave propagation: transverse mode (2
direction) and longitudinal mode (x direction).

Transverse Mode

The governing equations for the transverse mode are as
follows:

%=AZ, Z = [h w7, O0=sx=<t=0
& ki
YHay? *ox
A =
wa o
H, ox Yox?

where vy = /o, and V, = V(u./po) Hy. The parameter V, is
defined as the x component of the Alfven wave speed. :

Longitudinal Mode
The state equations for this mode can be reduced to

‘% =AZ, Z=[h,0up",T"]T, Osx=<{
VHE‘;:_Z Hx% —Hy% 0 0 |
_’;"_: 5(3? V%ZZ 0 0 0
A= _1%2% 0 4/3:»3—355 ~RT0% —RToa%
0 0 —% 0 0

where p” =p7/pg, T" =T/Ty, and V, =~ (u./po) H,. The
parameter ¥, is defined as the y component of the Alfven wave
speed.

Lyapunov Functional and Stability Analysis
In this section, the Lyapunov functional approach is applied
to each mode of the plasmadynamics. The stability results are
derived and discussed.
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1) Assuming that the boundary conditions are

Z0,n=0 Z{E)=0 Z(x,0)=2Zy € (LZ[O,Z],EZ)

the operator A is an infinitesimal of a semigroup. The domain
of A is dense in a Hilbert space, and the state vector function
Z(x,t) € (1.2[0,q, E?). A Lyapunov functional V[Z(x,t)] can
be constructed such that V(Z) > 0 and dV/d¢ < 0. For the
problem, the functional ¥ is chosen to be the inner product of
Z (i.e., Hilbert norm of Z). As a result of the invariance of the
stability property under equivalence norms, one can construct
V as a norm in another Hilbert space, H;, such that 7 is the
equivalent norm of the original Hilbert space, H.

V=KZ,Z) =(Z,PZ),, P = diag(ay, o), g, a>0
V= on|lh|? + a] w2

Hence,
. d . ,
V=d_t (Z,2),=2(Z, Z5,=2(AZ, Z),

Since P is symmetric,

(x, Py) ={(Px, p), V =2(AZ,PZYy=2{PAZ,Z),

¢ 2
V=2\ in, ozluy?—fl— + axHxaw
0 ax? ax
o, V2 dhz Fw
W( Hx ax -+ an——axz dx

If «; and o, are selected such that a/oy = VE/H? = const,
then:

ah, ow ¢ dh,\?
V= Z[aluya— +oz21/w-é;] -zjo[allm(a_xz)

2
+ an(a > :|dX + 2 o H, [h W]()
ax

Since h,(0,2) = h,(£,t) = w(0,7) = w({,¢) = 0, then

In a general case when H, is a function of x, following a
tedious computation, one can find that ¥ will consist of (3k,/
dx)* and 3w/ c')x)2 as well as (#;2 and (w)2. Then the estimate
of V" would require an estimate of (3( - )/8x)? in terms of (- )?
for #, and w. Such an estimate can be given for the general
parabolic problem as

(8o

If one choose oy to be 1, then

. V2
V= _2<Fz2 YH

rzglfzdx
0

Iw

=)

ax

%2
ox

zqrz[ e + v||w||2]

which indicates ¥ is negative definite with respect to the norm
(z,z). Therefore, stability of the transverse mode using the
Lyapunov approach is satisfied.

2) For the longitudinal mode of wave propagation, the
generic form of the evolution equation is considered, with

Z = [hy,0,u,p"T"1T €L%0,0, Z(0,t) = Z(4,t) = 0.
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An approach similar to the transverse mode is taken to
construct the Lyapunov functional for the longitudinal mode:

V=<2, PZ)

where P = diag(oq, O, O3, Ots) and a; >0.
-Introduction of this form for ¥V'results in integral terms such
as

¢ R
g Z,ié dx
o  0x

in V. Such terms would make ¥ indefinite unless solution
forms are assumed for the state variables. In order to make the
stability results independent of the solution forms, «; is as-
sumed to be unity with the following result:

E2 £

A x y

a =1, oy = R o3 =—3

1 2 V,? 3 V;
H)% _H}%

oy = V}%RT’ as = V} C,T

Based on these values for o; and similar algebraic techniques
used in the transverse mode, the following can be derived:

S
V= E 0{,‘”Zi|'2>0

and
. ah, ||? av [?
=—-2[a1u1.1 a—; + oy -é_
du [?
+ o34/ 3v I +oz5———||T”||2]
also

V= —27r2[oz1VH”hy|[2 + a 20| v]|?

K
+ o34/ 3vl|ul|]? + as—— || T" 2}
st /3ol + s 77|

These results indicate that, for Z; and «; # 0, V is positive
and ¥ is negative. Semidefinite with respect to the norm
=(Z,PZ). Therefore, the longitudinal mode is stable.
Hence, stability of the MPD engine near its equilibrium is
established without solving any of its dynamic equations.
Stability results for the transverse mode of the MPD engine
also can be derived by application of the point spectrum ap-
proach. For comparison purposes, this derivation is presented.
By means of separation of variables, the semigroup property
generated by 4 can be constructed. The solution for

Z =
TWX,.
will exist if
T, Xy X,
T, %, X,
det =0

X, L,_X
H, X, T, X

In order to have the Tand X functions independent from x and
t, respectively, it is required that 7/7, X7X, and X"/ X are
constant. It is conclusive to represent X in terms of a real
periodic function. Hence, X 7X = —N\2/£2, X/X = iN/{, and
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T/T =S. From the boundary condition, it appears that
N, =nwforn=+1, £2,.... Therefore, the characteristic
equation can be reduced to
A2 2 4
S2+S(VH+V) +V232+VPHL’ =0

for the transverse mode with the roots

2
S"12—- [ (VH+V)EQ

i\/(u,,,—u)Z——4V2 )‘2]

ng

This expression for S, indicates that sup[Re ¢ (4)] <0, which
is the necessary and sufficient condition for the equilibrium
solution of system equations to be exponentially stable, i.c., an
equivalence to uniform asymptotic stability for the preceding
linear system.

The point spectrum approach, applied to the longitudinal
mode, results in the following spectrum of the set of state
equations:

1 v K »S? . ‘
Kl—+4/3=-S )N\ + [SZ—+4/3——+SC])\2
{ <Po Po ) g Do Tlv—1) P

SS
To(’Y 1)

S2 S KN
+ INVES + xﬁ}{—+—”}=0
{ R S oy

where p, is the pressure related to py and T,, and y equal
C,/C,.

This characteristic equation does not have a closed-form
solution. Therefore, in general, the spectrum approach is very
complex and requlres a very cumbersome symbolic manipula-
tion in order to give stability results except for very simplified
or special cases. Also, in general, A can be both positive and
negative numbers, which results in two sets of characteristic
equations with positive and negative coefficients. The outlined
Lyapunov approach however, would result in stability solu-
tions for the systerm without any resort to the system parame-
ters and the form of wave number.

} {(mx%, +S)WN2 + S) + V,?)\f,}

Conclusion

A stability analysis of a magnetoplasmadynamic system was
presented. This technique is based on the Lyapunov theorem
extended to cover distributed parameter systems. The results
of the stability analysis were supported by those derived from
a spectral analysis point of view. The procedure for construc-
tion of the Lyapunov functional and derivation of its deriva-
tive was presented. It was shown that although the spectral
technique can be applied to stability analysis of a special class
of systems, the presented method can be applied to any form
of distributed parameter systems.
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Calculation of Structural Dynamic
Forces and Stresses Using Mode
Acceleration

Paul Blelloch*
SDRC, San Diego, California

Introduction

NE challenge in structural dynamics is to accurately cal-

culate displacemernit-related quantities such as element
forces and stresses during a transient analysis while using
a small number of modal degrees of freedom. A method for
increasing the accuracy of the calculation is the use of mode
acceleration rather than mode displacement data recovery.!
This approach combines an exact static representation of the
structure with a dynamic correction factor based on the modal
accelerations. The standard mode acceleration formulation
has often been interpreted to suggest that the reason for im-
proved convergence (improved accuracy with a.smaller
number of modes) is that the dynamic correction factor is
divided by the modal frequencies squared.!2 Here, we presént
an alternate formulation that indicates clearly that the only
difference between mode acceleration and mode displacement
data recovery is the addition of a static correction term. Refer-
ence 3 provides a correct interpretation of the method, though
the alternate formulation presented here illustrates this more
clearly. This alternate formulation also shows clearly that the
use of the mode acceleration method is especidlly important
when large input forces are present and, conversely, that mode
acceleration and mode displacement data recovery are identi-
cal when input forces are not present (i.e., during free decay).
We discuss some advantages in numerical implementation as-
sociated with the alternate formulation, and provide a simple
example.

Derivation and Discussion

The standard mode accelération formulation for a structure
with proportional damping is!

x=Vf-2070 1g—3Q-2¢ 6))
where
X =vector of displacement-related quantities (e.g.,
element forces or stresses)
V¥, =static response of x; due to a unit force Ji
f =vector of input forces to the structure

©—®; =static response of x; due to unit deflection in the
modal degree of freedom q;

VA =diagonal matrix of modal damping ratios,
Z = diag($,)}

Q =diagonal matrix of modal frequencies,
Q=diag {w;}

q =vector of modal displacements

The modal damping term is often neglected for lightly
damped structures, but we will incorporate it in this formula-
tion. Now consider the corresponding dynamic equations of
motion in modal form:

G+27QG+Q2q=T7f 0]
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